AbstracL We consider.the UqSU(2) invariant spin-; xxz quantum spin chain at the roots of unity q = exp(ix/(m i I)), corresponding to different minimal models of conformal field theory. We conduct a numerical investigation of the correlation functions of UqSU(2) scalar two-point operators in order to find which operators in the minimal models they correspond to. Using graphical representations of the Temperley-Lieb algebra we are able to deal with chains of up to 28 sites. Depending on q. the correlation functions show different characteestics and finite-size behaviour. For m = 213, which corresponds to the L-Yang edge singularity, we find the surface and bulk critical exponent -1j5. Together with the known result in the case m = 3 (king model) this indicates that in the continuum limit the tWO-pOint operators involve conformal fields of s p i n -s . For other roo$ of unity q the.&ains are too short to determine the surface and bulk uitical exponents.
Introduction
We consider two-point correlation functions for a class of one-dimensional quantum models on a chain of N sites defined in terms of the Hamiltonian [1, 2] i=l Here the ei, i = 1,2, . . . , N -1. are generators of a Temperley-Lieb algebra T&) defined by therelations [3] .
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In this paper we numerically compute correlation functions of the two-point operators [2] that are elements of this algebra. Representing the generators by then these two-point operators become UqSU(2) invariant generalizations of the Scalar operators u k c r , .
Thus, they &e natural and interesting correlation operators for the'Hamiltonian (1.1). Here 0:. U / , and U; are Pauli matrices acting on site i. In representation (1.3), tums into a UqSU(2) symmetric spin-; xxz Heisenberg Hamiltonian. Throughout this paper N is even to ensure that the ground state is unique. The a i m of this work is to compute correlation functions of the generalized two-point scalar operators and to identify the corresponding bulk and surface critical exponents. For q a root of unity, these are only known in the case 4 = exp(irr/4) [ 
Z].
If q is real then the model is in a massive phase, and in the limit N + 00 correlation functions of local operators can be computed [4] . For the SU(2) symmetric model (q = 1) the correlation function of the operator U$$ has been computed numerically using exact diagonalization [5-7] or the Bethe ansatz [SI. The same correlation function has been calculated analytically in 191 for the periodic Xxz chain (where the UqSU(2) symmetry is lost). For this case numerical results can be found in [lo] .
In this work we consider the Hamiltonian H and the two-point scalar operators gk,, (as defined in section 2) in terms of Temperley-Lieb generators. This includes the UqSU(2) symmetric case (1.3). Since in our calculations we use the Temperley-Lieb relations only, the results apply also to other representations besides this spin-; chain [ll] . We take q = exp(in/(m + 1)) as a root of unity. In this case the model is massless and the spectrum of H contains the spectrum of Hamiltonians corresponding to conformal field theories with central charge [12-141
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Although in representation (1.3) the Hamiltonian is not Hermitian, its spectrum is real [I] .
The two-point scalar operators are non-local and their continuum limit is not known for general m. However, for m = 2 and m = 3 the correlation functions have been derived analytically using quotients of the Temperley-Lieb algebra [2, 15] . In the former case the correlation functions vanish. In the latter case H can be related to the Hamiltonian of the Ising model and one finds two different non-vanishing correlation functions which have a continuum limit given by correlation functions of operators with conformal dimensions (h, L) = (1/2, 0) and (0, l/Z). For m = 5 there is a quotient of Tn(q)which gives a three-state Potts model, but the correlation function has not been computed in this case.
In this paper we present a numerical investigation of the correlation functions in the cases m = 3,5,2/3 corresponding to the king model, the three-state Potts model, and the Le+ Yang edge singularity respectively. The first case is included to estimate the accuracy of the numerical results. For m = 5 we find four different correlation functions {&,I), depending on whether k and 1 are odd or even. In the case m = 2/3 there is only one correlation function. We attempt to find critical exponents and to identify conformal fields that correspond to the continuum limit of the two-point scalar operators. Due to a symmetry of the two-point scalar operator and from the known results in the king case, one expects conformal fields with spin 2. This can be confirmed in the case m = 2/3.
For computation of the correlation functions we use graphical representations of TN(q) on a path space and on boundary diagram [ I l , 161 . In the representation on boundary diagrams, one can easily restrict the configuration space to a space which is related to the U,,SU(Z) scalars. A similar restriction is used in [17] to calculate energy gaps for a spin-1 model. For integer m we also use a path representation space with a dimension that is further reduced. Whereas in the spin space approach (1.3), a reduction of the representation to the space of U,,SU(2) scalars cannot be achieved easily. For the representation on boundary diagrams we can handle chains of up to 24 sites (independent of m). and up to 28 sites with the path-space representation for m = 5. We extrapolate the data for N + 00 to correlations in the semi-infinite geometry, that is we keep one end of the chains fixed.
From that we try to compute bulk and surface exponents. This paper is organized as follows. In section 2 we define the two-point scalar operator and review some results from [2] . The graphical representations of the Temperley-Lieb algebra we use are introduced in section 3. In section 4 we describe the calculation of ground state and correlation functions. We analyse the results of the computation for the cases m = 3,5,2/3 in section 5, numerical data for the semi-infinite chain are listed in an appendix. Section 6 contains our conclusions.
Two-point scalar operators
Two-point UqSU(2) scalar operators have been derived in [2] . recursively in terms of Temperley-Lieb generators ek:
They can be defined 1 6 k g N -1 (2. la)
gk.1 = -qgk.ngn.l -q-'gn,lgk,n 1 6 k < < 1 6 N (2.lb)
(2.lc)
Note that these operators are non-local. 
Two representations of the Temperley-Lieb algebra
For the numerical computations we use two different graphical representations of the Temperley-Lieb algebra; we describe them and explain how they can be employed to calculate correlation functions.
Path representarion
First, let q be generic. Then one can define an action of the Temperley-Lieb algebra on a vector space S with an orthonormal basis of vectors uk that are labelled by N + 1 numbers k = (b, kl, . . . , kN), subject to the conditions
On this vector space a generator ei of rN(q) can be represented by [ l l , 161
Here we use the definition of the q-number
The vectors We denote this vector space as S, c S. This reduction is reflected by the UqSU(2)
representations for q a root of unity 111. In this case, indecomposable but reducible
representations appear in the decomposition of the spin configuration space. Only the spin-zero representations with paths in the Bratteli diagram restricted according to (3.5) remain a s -irreducible representations. Their number, i.e. the dimension of S,, is given by U1 (3.6) and, thus, depends on q = exp(ix/(m + 1)). Since the ground state of Hamiltonian (1.1) is known to be non-degenerate, we can restrict the representation space for the numerical calculation of the correlation functions to S respectively S,. The action of Hamiltonian (1.1) and two-point scalar operator (Z.l(a)+c)) on the path space follow from definition (3.2). ~
Representation on boundary diagrams
In [Z] , a different diagrammatic approach to the calculation of correlation functions (gk,l) using the regular representation of the Temperley-Lieb algebra on boundary diagrams [I61 has been proposed. Boundary diagrams are given by N non-crossing lines that connect N upper and N lower points such that each point is connected to one other point. For the generators we have the definition
The diagrams corresponding to words of the algebra are obtained as follows. n n n The ideal Z is known to represent the space of U,SU(Z) scalars for generic q [16] . Hence the ground,state can be represented by a vector in Z. The dimension of Z (as of S) is given by rAN). The ideal is realized by all diagrams with disconnected~upper and lower parts where the lower part is the one in (3.8) and the upper part has any configuration of N / 2 non-intersecting lines between the N upper points.
To calculate expectation. values one needs a scalar product on 2. Define a transposed diagram as the upside-down reflected diagram. With this definition the scalar product (SI 1s~) of two arbitrary elements SI and of Z is defined [Z] P F Arndt and T Heinzel That is, the scalar product is given by the factor that one obtains by removing any loop from the diagrams which represent slTs2.
With the definition of boundary diagrams given above and the scalar product (3.9), the expectation values (ulgk,rlu) of the correlation operators can be computed by multiplying diagrams that encode the Temperley-Lieb relations. In this way it can easily be seen that (ulgk,ilu) is real for any vector U in 2.
For q a mot of unity, quotients of the Temperley-Lieb algebra have been given in [15] . The calculation of the ground-state average of gb,f through evaluation of the corresponding diagrams according to (3.9) is independent of the quotients, since it depends on the Temperley-Lieb relations (1.2(uHc)) only. In principle the quotients can be used to eliminate certain vectors from Z. However, this is not useful for the numerical calculations since the e l i n a t i o n procedure would have to be carried out after each application of a generator to a vector of 2.
Computational method
Let us describe the numerical calculation of the ground-state expectation values (gw,,) of the two-point operators (Z.l(aHc)). We empIoy the representations of section 3 so that we do not have to refer to the spin configuration space. In this paper we present the cases q = exp(ix/(m + 1)) with m = 3, m = 5, and m = 2/3; the computation can be performed analogously for any m. (4.1) for any vector U with positive or negative parity. This can most easily be seen by employing the boundary diagrams as a regular representation and using the reality of ( U~g k ,~~u ) .
On a workstation we are able to calculate the correlations for chains of up to N = 24 sites with the representation using boundary diagrams (independent of q). In this case the representation space has dimension rhx) = 208 012. The limit is set by the time required for the computation of the scalar products (3.9). For the path-space representation the storage capacity limits the calculations. In this case the dimension of the representation space depends on m. We can hande N = 40 sites for m = 3 (dims, = = 524288) and N = 28 sites for m = 5 ( Q! 25 = 797 162). In the case m = 3 we can also check the ex~polated results using (2.4~) and (b) and find the same accuracy. Hence, for the semi-infinite chain we can give (&I) with k , 1 < 18 (m = 5 ) and k, I < 14 (m = 2/3). These values are listed in the appendix.
Results
Here we discuss the correlation functions, i.e. the ground-state expectation values (gk.0, for the three cases q = exp(ilr/(m -+ 1)) with m = 3,5, 2/3. We consider the extrapolated results for the semi-infinite chain. For q on the unit circle the model is massless and, thus, we expect long-range order with power-law decay of the correlation functions. In the bulk l i t (without boundary influence) we expect with the standard definition of a bulk critical exponent x . From this and the relation gk,! = q4gl.k fork c 1 we find that
The continuum limit of the correlation functions of the semi-infinite chain corresponds to two-point functions of a conformal field theory in the half-plane with central charge given by (1.4). In these minimal models the highest weights are found to be [22] The ground-state averages (gr.1) show a different behaviour for k and 1 odd or even respectively. The values (ga.1) are positive for 1 -k odd (with a different behaviour for k odd or even) and zero otherwise. Thus, for the continuum limit of the correlation functions one has to make a distinction between even and odd sites. From the analytic result for the semi-infinite chain (2.4) we find that for both correlation functions
The bulk l i t is given by k + CO with I -k fixed. Thus kll + 1 and we have x = l / Z from (5.1), corresponding to the Majorana fields. Note that form (5.5) of the correlation functions is valid for arbitrary k and-1. The scaling function F describing the influence of the boundary depends only on the ratio k l l . This can be expected of the continuum limit from general scaling arguments. In general the surface critical exponent x, is given by 1241 -I) and ( g z j -l , a ) on the semi-infinite chain, we find x = 0.5000(1) in both cases. However, the surface exponent x, can only be estimated with an accuracy of about 15% from the numerical data (extrapolated from chains of up to 40 sites), because the limit in (5.6) cannot be reached with the available values k and 1.
m = 5 (three-state Potts model)
We now consider the case q = exp(iir/6), which corresponds to a three-state Potts model as described in section 2. The computed (gk.1) are positive for 1 -k odd and negative otherwise. We find that we have to distinguish four non-zero correlation functions. That is, as in the case m = 3, the correlation functions described by I(gk.l)l are different fork and 1 odd or even. The appearance of different functions for odd or even sites can be expected from the expressions for the correlation operators in terms of parafermions that arise from a quotient representation of the Temperley-Lieb algebra for q = exp(irc/6) (section 2).
From (5.2) we expect the bulk critical exponent x = 213. In figure 1(b) we give the contour lines of F(k, 1) = gt,f(l-k)4/3 for k even and 1 odd. This graph is representative of the following. For the values k, 1 < 18 (for which we can determine the correlations of the semi-infinite chain) none of the four scaling functions F can be described by a function of kll. Furthermore, we find that there is no value of x such that F is a function of 1111 (g2j.w-I). only and we conclude that the range of k, 1 is too small to be in the scaling regime. We have also considered linear combinations of the four different correlation functions but were unable to find a combination that allows the determination of critical exponents.
In summary, the critical exponents x and x, cannot be computed in the case m = 5. This does not result from inaccuracies of computation and extrapolation of the correlations, but from the fact that in this case the chain length is not sufficient to give the continuum limit.
m = 2/3 (Lee-Yang edge singulrariQ)
Here q = exp(i~r3/5) and the Hamiltonian H is related to a conformal field theory with central charge c = -22/5. This non-unitary minimal model describes the Lee-Yang singularity of an king model in an imaginary longitudinal magnetic field [25] . Besides the identity it has only one primary operator with conformal dimension h = -1/5. This is the dimension we expect as the bulk exponent from equation (5.2).
The correlations (g, , , , ) show a behaviour different from the minimal models m = 3 and m = 5. We find only one (positive) correlation function independent of k, I even or odd. In figure I(c) we plot contour lines for all values of k, I 6 14. The scaling function F ( k , I ) = (gk.I)(I -k)-'I5 becomes constant for k >> 1 and I -k >> 1. Thus, we expect F ( k / l ) = constant in the continuum limit yielding xs = x.
On the lattice there is an influence of the boundary, which vanishes quickly with k > 2.
With the correlation function of the semi-infinite chain one obtains the bulk exponent from (5.1), taking k 2 3 and I -k > 4 and assuming a constant F . In this way we find x = -0.20(1) verifying (5.4).
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Conclusion
We have performed numerical investigations on the U9SU(2)' scalar two-point operator for the U9SV(2) symmetric xxz quantum chain at roots of unity. The properties of the correlation functions on the chain depend strongly on the value of q as we show for three different cases. For q = exp(in/4) one can find the (known) bulk exponent of the two correlation functions ( g~j . a -1 ) and (gzj-l.p) from small chains. For the non-unitary model given by q = exp(in3/5) it is possible to extract information ahout the continuum limit and critical exponents from chains with up to 24 sites. We have one correlation function and find the bulk critical exponent -1/5 confirming x = h1.3 = 3. Thus, the continuum limit of the correlations involves operators with spin as in the case q = exp(in/4); this fact is already known from an analytical solution [2] . For the surface exponent we obtain x, = -l/5 as well. For q = exp(ix/6), where the xxz chain corresponds to a three-state Potts model, we find four different correlation functions (gk.1) depending on whether k, 1 is even or odd. In this case it is impossible to find the continuum limit from the lattice data (up to 28 sites). Thus, the operators corresponding to the parafermions on the spin chain cannot be found in this way.
We have performed analogous computations for other integers i n 2 4. We do not present these results here, but wish to remark that lattice effects also dominate the correlations in these cases. Thus, in general it remains an open problem to find the conformal operators corresponding to the U9SV(2) invariant correlation operators for the quantum spin chain. 
